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AN EXAMPLE OF A NON NON-ARCHIMEDEAN POLISH
GROUP WITH AMPLE GENERICS
MACIEJ MALICKI
Abstract. For an analytic P -ideal I , SI is the Polish group of all per-
mutations of N whose support is in I , with Polish topology given by the
corresponding submeasure on I . We show that if Fin ( I , then SI has
ample generics. This implies that there exists a non non-archimedean
Polish group with ample generics.
1. Introduction
A Polish (i.e. separable and completely metrizable) topological group
G has ample generics if the diagonal action of G on Gn`1 by conjugation
has a comeager orbit for every n P N. This notion was introduced by W.
Hodges, I. Hodkinson, D. Lascar and S. Shelah [1], and in recent years
it has drawn attention of many researchers (see [3] for more details.) An
important motivation behind these investigations is that the existence of
ample generics entails very interesting and strong consequences: a Polish
group G with ample generics has the automatic continuity property (i.e.
every homomorphism fromG into a separable group is continuous), the small
index property (i.e. every subgroup H ď G with rG : Hs ă 2ω is open),
and uncountable cofinality for non-open subgroups (i.e. every countable
exhaustive chain of non-open subgroups of G is finite.) Moreover, by the
general theory of Polish groups, the automatic continuity property implies
that there exists a unique Polish group topology on G.
One of fundamental results in this area (see [3]) provides a complete char-
acterization of Polish groups with ample generics that are subgroups of the
group S8 of all permutations of the natural numbers, i.e. non-archimedean
groups. As a matter of fact, all the known so far Polish groups with ample
generics are of this form, and, as A. Kechris [2] put it, it is ‘an important
open problem (...) whether there exist Polish groups that fail to be non-
archimedean but have ample generics’. In this note, we solve this problem
by indicating a whole family of Polish groups with ample generics that are
non non-archimedean.
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2. Results
Recall that a lower semi-continuous submeasure on N is a function φ :
PpNq Ñ r0,8s satisfying
‚ φpHq “ 0,
‚ A Ď B implies that φpAq ď φpBq,
‚ φpAYBq ď φpAq ` φpBq, and φptnuq ă 8 for n P N,
‚ φp
Ť
m
Amq “ limm φpAmq whenever A0 Ď A1 Ď . . ..
Let I be an analytic P -ideal on N containing the ideal Fin consisting of
finite sets. It is well known (see [4]) that there exists a lower semi-continuous
submeasure φ on N such that I “ Exhpφq, where
Exhpφq “ tA Ď N : lim
m
φpAzr0,msq “ 0u.
As in [6], we associate with I the group SI ď S8 of permutations of N
defined by
SI “ tg P S8 : supppgq P Iu.
Then (see [6, Theorem 5.3]) SI is Polishable, and its Polish group topology
τI is given by the metric
dpf, gq “ φptf ‰ guq.
Theorem 1. Let I be an analytic P -ideal such that Fin ( I. Then SI has
ample generics.
The following fact is well known. We prove it for the sake of completeness.
Lemma 2. Let X be a Polish space, and let G be a Polish group continuously
acting on X. Suppose that x P X is such that for every open neighborhood
of the identity V Ď G, the set V.x is somewhere dense in G.x. Then the
orbit of x is comeager in G.x.
Proof. Suppose that G.x is not comeager in G.x. Since G.x is analytic, and
so it has the Baire property in G.x, there exists an open set U Ď X such that
G.xXU is non-empty and meager in G.x. In other words, UXG.x Ď
Ť
n
Fn,
where each Fn is closed and nowhere dense in G.x. The set
W “ tg P G : g.x P Uu
is open, non-empty in G, so there exists a non-meager W 1 Ď W such that
W 1.x Ď Fn0 for some n0. By continuity of the action, W
1.x Ď Fn0 as
well. Since W 1 has non-empty interior, there exists g P G and an open
neighborhood of the identity V such that gV.x Ď Fn0 . Therefore V.x Ď
g´1Fn0 , and V.x is nowhere dense in G.x; a contradiction. 
Lemma 3. Let I be an analytic P -ideal, and let f, g P SI . Suppose that
A P I, and hm P SI , m P N, are such that suppphmq Ď A, and
f ↾ r0,ms “ hmgh
´1
m ↾ r0,ms
for all m. Then hmgh
´1
m Ñ f .
AN EXAMPLE OF A NON NON-ARCHIMEDEAN POLISH GROUP WITH AMPLE GENERICS3
Proof. Let φ be a lower semi-continuous submeasure on N such that I “
Exhpφq. Put B “ AY supppfq Y supppgq. Clearly, B P I, and
suppphmgh
´1
m q Ď suppphmq Y supppgq Ď B.
Since φpBzr0,msq Ñ 0, and, by our assumption,
tf ‰ hmgh
´1
m u Ď Bzr0,ms
for every m, we get that dpf, hmgh
´1
m q Ñ 0, i.e. hmgh
´1
m Ñ f . 
Proof of Theorem 1. Let φ be a lower semi-continuous submeasure on N
such that I “ Exhpφq. We can assume that φptnuq ą 0 for all n P N. For
ǫ ą 0, let Vǫ Ď SI be the neighbourhood of the identity in SI of the form
Vǫ “ tf P SI : φpsupppfqq ă ǫu.
Fix n P N. We will show that there exist g0, . . . , gn P SI such that
for every ǫ ą 0 the set Vǫ.pg0, . . . , gnq is somewhere dense in S
n`1
I
, and
SI .pg0, . . . , gnq is dense in S
n`1
I
, where
g.pg0, . . . , gnq “ pgg0g
´1, . . . , ggng
´1q,
for g, g0, . . . , gn P SI . As n and ǫ are arbitrary, by Lemma 2, this will imply
that SI has ample generics.
Fix an infinite A P I. It is easy to find g0, . . . , gn P SI such that the
following conditions are satisfied:
i) supppgiq Ď A for i ď n,
ii) for every m there exists m0 ą m such that r0,m0s is invariant under
the action of each gi,
iii) for every m P N, finite B0 Ď N, and every f0, . . . , fn P SympB0q there
exists A0 Ď A with minA0 ą m, and a bijection h : A0 Ñ B0 such that
hgih
´1pbq “ fipbq
for all b P B0, and i ď n.
We show that g0, . . . , gn are as required. Fix ǫ ą 0. Fix m0 P N, and
ǫ1 ą 0 such that
a) φpAzr0,m0sq ă ǫ{2,
b) r0,m0s is invariant under the action of each gi,
c) pn` 1qǫ1 ă ǫ{2,
d) dpf, giq ă ǫ
1 implies that f ↾ r0,m0s “ gi ↾ r0,m0s, i ď n.
Fix f0, . . . , fn P SI such that dpfi, giq ă ǫ
1, i ď n, and each fi has finite
support. Let B “
Ť
iďn
supppfiq, and let m1 “ maxB. For every m ą
m0,m1 we will construct hm P SI such that
suppphmq Ď pAYBqzr0,m0s, and dpfi, hmgih
´1
m q Ñ 0
for every i ď n. Observe that the former, together with Points a) and c),
implies that
φpsuppphmqq ă ǫ{2` pn` 1qǫ
1 ă ǫ,
i.e. hm P Vǫ.
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Fix m ą m0,m1. Put B0 “ pA Y Bq X pm0,ms. By Points b) and d),
fi ↾ B0 P SympB0q for each i ď n. By Point iii), there exists A0 Ď A with
minA0 ą m, and a bijection h : A0 Ñ B0 such that
hgih
´1 ↾ B0 “ fi ↾ B0
for each i ď n. Clearly, we can extend h to a permutation hm of N such
that suppphmq Ď A0 YB0 Ď pAYBqzr0,m0s. But then, by our choice of fi
and Point d), we get that
hgih
´1 ↾ r0,ms “ fi ↾ r0,ms.
By Lemma 3, hmgih
´1
m Ñ fi for each i ď n.
Since permutations with finite support are dense in SI , and the only other
requirement we imposed on fi is that dpfi, giq ă ǫ
1, the above shows that
Vǫ.pg0, . . . , gnq is somewhere dense. Observe that if consider SI instead of Vǫ
(and set m0 “ ´1), the same argument gives that the orbit SI .pg0, . . . , gnq
is dense in Sn`1
I
. 
Recall that an ideal I is called a trivial modification of Fin if there exists
A Ď I such that
I “ tB Ď N : AXB P Finu.
Corollary 4. Suppose that I is a Σ02 P -ideal which contains Fin, and is
not a trivial modification of Fin. Then SI is a non non-archimedean Polish
group with ample generics. In particular, there exists such a group, e.g. SIS ,
where IS is the summable ideal.
Proof. By [5], I is zero-dimensional in the Polish topology τI if and only
if I is a trivial modification of Fin. Moreover, by [6, Theorem 5.3], SI
is zero-dimensional if and only if I is zero-dimensional, so SI is not zero-
dimensional. But a non-archimedean group must be zero-dimensional, so SI
is non non-archimedean. By Theorem 1, SI has ample generics.
Clearly, the summable ideal
IS “ tA Ď N :
ÿ
nPA
1{n ă 8u
is a Σ02 P -ideal which is not a trivial modification of Fin. 
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